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The dynamic response of an elastic strip foundation lying on elastic soil with saturated substrata is greatly affected by pore pressure
induced by a rocking moment. In this paper, we explore the mixed boundary-value problem of the rocking vibration of an elastic
strip foundation on elastic soil with saturated substrata via Biot dynamic equations. First, the wave equations concerning both the
single-phase elastic layer and the saturated half-space are solved using a Fourier integral transform technique. The dual integral
equationsoftherockingvibrationofanelasticstripfoundationareestablishedaccordingtothemixedboundaryconditions.Finally,
the relationship of the dynamic compliance coefficient with the dimensionless frequency is obtained by applying Simpson’s rule to
conduct numerical calculation. We also analyse the influences of the elastic layer’s thickness and elastic characteristic parameters
of the foundation on the rocking vibration.
1. Introduction
Dynamicinteractionbetweenstructuralfoundationsandthe
underlyingsoil,bothintheoryandinpractice,iswidelystud-
iedinthefieldofgeotechnicalengineeringandhasimportant
implications in power machine design and fundamental
analysis of foundations under seismic loads. To simplify the
boundary-value problem, in the early theoretical studies, the
soil under the forced vibration of the foundation was often
a s s u m e dt ob eas i n g l e - p h a s el i n e a re l a s t i cm e d i u m[ 1–6].
However,soilisgenerallyatwo-phasematerialconsisting
of a solid skeleton and pores, which are filled with fluid. Such
materials are commonly known as poroelastic materials in
mechanics literature. After Biot established a theory of prop-
agationofelasticwavesinafluid-saturatedporoussolid[7,8]
in 1956, the research significance on vibration characteristics
offoundationonsaturatedsoilbecameapparent.Lin[9]stud-
ied the vertical and rocking vibrations of an elastic circular
plate lying on a single-phase viscoelastic medium. Iguchi and
Luco [10] studied the dynamic response of a massless flexible
circular plate supported on a layered viscoelastic half-space,
obtaining the vertical and rocking impedance of the flexible
plateandthenumericalsolutionofcontactstressbeneaththe
plate. Halpern and Christiano [11, 12] evaluated compliance
functions for the harmonic rocking and vertical motions
of rigid permeable and impermeable plates bearing on a
poroelastic half-space. Kassir and Xu [13] studied the mixed
boundary-valueproblemofthevibrationofarigidstripfoun-
dation on a fluid-saturated porous half-space. Jin and Liu
[14, 15] analysed the dynamic response of a rigid disk on a
saturated half-space subjected to harmonic horizontal and
rocking excitation. Li [16] studied the vertical vibration of a
rigid strip foundation on saturated soil. Finally, a parametric
studyb yM aetal.[17]examinedtheinfluencesofdimension-
less frequency, dynamic permeability, and Poisson’s ratio on
saturated soil under a rocking rigid strip footing.
Mostoftheresultsreportedpreviouslyconcernthedyna-
mic interaction between the rigid structural foundation and
the underlying saturated half-space. As research advances in
this field of mechanics, a more realistically analytical model
becomes increasingly necessary. In fact, the soil of the earth’s
surface, because of differences in structure and sedimenta-
tion, usually has an apparent stratification, formed naturally
over the course of history. During foundation construction,2 Journal of Applied Mathematics
underlying soil is routinely reinforced via a variety of meth-
ods, inevitably leading to some degree of soil stratification.
In practice, the underlying soil will have different physical
properties (porosity, permeability, etc.), which have a layered
distribution in depth. In researching dynamic interactions of
soil and a structural foundation, considering the underlying
soil as a homogeneous elastic or saturated medium is not
sufficiently accurate. Taking into account the presence of
groundwater, the soil below the groundwater level should be
considered as saturated soil and the soil above the ground-
water level may be regarded as an ideal, single-phase elastic
layer. As for the structural foundation, assuming it to be an
e l a s t i cb o d yi sm o r ea c c u r a t et h a na s s u m i n gi tt ob ear i g i d
body.
Based on the Biot theory of elastic waves in fluid-satu-
rated porous medium, Philippacopoulos [18]studied thever-
tical vibration of a rigid circular disk resting on a saturated
layered half-space. Bougacha et al. [19, 20]a n a l y s e dt h e
dynamic stiffness coefficients of rigid strip and circular foun-
dationsonasaturatedlayeredhalf-spaceusingspatiallysemi-
discrete finite element technology. Rajapakse and Senjun-
tichai [21] presented an exact stiffness matrix method to
evaluate the dynamic response of a multilayered poroelastic
medium due to time-harmonic loads and fluid sources
applied in the interior of the layered medium. Yang et al. [22]
neglectedthefluidinertiaforceexertedonthesoilskeletonas
proposed in the works of Zienkiewicz et al. [23]a n ds t u d i e d
thesteadystateresponseofanelasticsoillayerandasaturated
layered half-space. Chen [24] explored the characteristics
of vertical vibration of both rigid and elastic circular plates
on elastic soils with saturated substrata, utilising the Hankel
t r a n s f o r mt os o l v et h ew a v ee q u a t i o n s .F u r t h e r m o r e ,t h et o r -
sionalandrockingvibrationcharacteristicsofarigidcircular
plate on elastic soil with saturated substrata were studied
by Wang [25]a n dF u[ 26], respectively, and the effects of
the thickness of the elastic layer and the vibration frequency
o nt h ep l a t e ’ sd y n a m i c sw e r ea n a l y s e d .Th ep r e v i o u s l yl i s t e d
literature reviews do not present a study of the dynamics
between a vibrating elastic strip foundation and elastic soil
with saturated substrata.
I nthispa per ,ano velstudyispresen tedtomakeupadefi-
c i e n cy .Th ew a v eeq u a ti o n sc o n c e rn i n gbo thth es i n gl e - p h a se
e l a s t i cl a y e ra n dt h es a t u r a t e dh a l f - s p a c ea r es o l v e du s i n ga
Fourier integral transform technique. Then, the dual integral
equations of the rocking vibration of an elastic strip foun-
dation are established according to mixed boundary condi-
tions. The dynamic compliance coefficient’s variation curve
with the dimensionless frequency is obtained by applying
S i m p s o n ’ sr u l et oc o n d u c tn u m e r i c a lc a l c u l a t i o n ,a n dt h e
effects of the elastic layer’s thickness and the elastic charac-
teristicparametersofthefoundationontherockingvibration
are analysed.
2. The Dynamic Equations and Their Solutions
Soil and water weight are ignored; the soil is considered to be
isotropicandthewaterincompressible.Thispaperstudiesthe
planestrainproblemforaninfinite-lengthstripwithafooting
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Figure 1: Description of the model and coordinate system.
of width 2𝑏 and an elastic layer thickness of 𝐻𝑛.Th ec e n tr eo f
t h ef o o t i n gi ss u b j e c t e dt oah a r m o n i cm o m e n tf o r c e ,𝑀𝑒
𝑖𝜔𝑡,
with 𝜔 denoting circular frequency. The horizontal direction
is established as the x-axis and the vertical direction as the z-
axis,andtheoriginofthecoordinateisplacedattheinterface
of the elastic soil and the saturated soil. The model is shown
in Figure 1.
2.1.TheDynamicEquationsofElasticLayerunderPlaneStrain.
The wave equations of the elastic layer are
𝜕𝜎𝑥𝐿
𝜕𝑥
+
𝜕𝜏𝑥𝑧𝐿
𝜕𝑧
+𝜌 𝐿
𝜕
2𝑢
𝜕𝑡2 =0 , (1a)
𝜕𝜏𝑥𝑧𝐿
𝜕𝑥
+
𝜕𝜎𝑧𝐿
𝜕𝑧
+𝜌 𝐿
𝜕
2𝑤
𝜕𝑡2 =0 , (1b)
where 𝑢 and 𝑤 are the horizontal and vertical displacements
of the soil skeleton, respectively; 𝜎𝑥𝐿 and 𝜎𝑧𝐿 are the horizon-
tal and vertical normal stresses, respectively; and 𝜌𝐿 is single-
phase elastic soil density.
The relationship between the stress and the displacement
is
𝜎𝑥𝐿 =−
2𝐺𝐿 (1 − 𝜇𝐿)
1−2 𝜇 𝐿
𝜕𝑢
𝜕𝑥
−
2𝐺𝐿𝜇𝐿
1−2 𝜇 𝐿
𝜕𝑤
𝜕𝑧
, (2a)
𝜎𝑧𝐿 =−
2𝐺𝐿𝜇𝐿
1−2 𝜇 𝐿
𝜕𝑢
𝜕𝑥
−
2𝐺𝐿 (1 − 𝜇𝐿)
1−2 𝜇 𝐿
𝜕𝑤
𝜕𝑧
, (2b)
𝜏𝑥𝑧𝐿 =− 𝐺 𝐿 (
𝜕𝑢
𝜕𝑧
+
𝜕𝑤
𝜕𝑥
), (2c)
where 𝐺𝐿 and 𝜇𝐿 are the shear modulus and Poisson’s ratio of
single-phase elastic soil, respectively.Journal of Applied Mathematics 3
2.2. The Dynamic Equations of Saturated Half-Space under
Plane Strain. The basic dynamic equations of saturated half-
space are:
𝜕𝜎
򸀠
𝑥
𝜕𝑥
+
𝜕𝜏𝑥𝑧
𝜕𝑧
+
𝜕𝑝𝑓
𝜕𝑥
+𝜌
𝜕
2𝑢
𝜕𝑡2 +𝜌 𝑓
𝜕
2𝑤𝑥
𝜕𝑡2 =0 , (3a)
𝜕𝜏𝑥𝑧
𝜕𝑥
+
𝜕𝜎
򸀠
𝑧
𝜕𝑧
+
𝜕𝑝𝑓
𝜕𝑧
+𝜌
𝜕
2𝑤
𝜕𝑡2 +𝜌 𝑓
𝜕
2𝑤𝑧
𝜕𝑡2 =0 , (3b)
−
𝜕𝑝𝑓
𝜕𝑥
=
𝜌𝑓𝑔
𝑘𝑑
𝜕𝑤𝑥
𝜕𝑡
+𝜌 𝑓
𝜕
2𝑢
𝜕𝑡2 +
𝜌𝑓
𝑛
𝜕
2𝑤𝑥
𝜕𝑡2 , (3c)
−
𝜕𝑝𝑓
𝜕𝑧
=
𝜌𝑓𝑔
𝑘𝑑
𝜕𝑤𝑧
𝜕𝑡
+𝜌 𝑓
𝜕
2𝑤
𝜕𝑡2 +
𝜌𝑓
𝑛
𝜕
2𝑤𝑧
𝜕𝑡2 , (3d)
−
𝜕
2𝑤𝑥
𝜕𝑥𝜕𝑡
−
𝜕
2𝑤𝑧
𝜕𝑧𝜕𝑡
=
𝜕
2𝑢
𝜕𝑥𝜕𝑡
+
𝜕
2𝑤
𝜕𝑧𝜕𝑡
, (3e)
where 𝑢 and 𝑤 are the horizontal and vertical displacements
ofthesoilskeleton,respectively;𝑤𝑥 and𝑤𝑧 arethehorizontal
and vertical displacements of water relative to the soil skele-
ton;𝜎
򸀠
𝑥 and𝜎
򸀠
𝑧 arethehorizontalandverticaleffectivenormal
stresses, respectively; 𝑝𝑓 i st h ee x c e s sp o r ep r e s s u r e ;𝜌 is the
mass density of the saturated soil with 𝜌 = (1 − 𝑛)𝜌𝑠 +𝑛 𝜌 𝑓;
𝜌𝑠 and 𝜌𝑓 are the densities of the soil and water, respectively;
and 𝑛 is the porosity of the saturated soil.
The equations of stress and displacement are
𝜕𝜎
򸀠
𝑥 =−
2𝐺(1 − 𝜇)
1−2 𝜇
𝜕𝑢
𝜕𝑥
−
2𝐺𝜇
1−2 𝜇
𝜕𝑤
𝜕𝑧
, (4a)
𝜕𝜎
򸀠
𝑧 =−
2𝐺𝜇
1−2 𝜇
𝜕𝑢
𝜕𝑥
−
2𝐺(1 − 𝜇)
1−2 𝜇
𝜕𝑤
𝜕𝑧
, (4b)
𝜏𝑥𝑧 =− 𝐺(
𝜕𝑢
𝜕𝑧
+
𝜕𝑤
𝜕𝑥
), (4c)
where 𝐺 and 𝜇 are the shear modulus and Poisson’s ratio of
the saturated soil, respectively.
2.3.TheSolutionsoftheDynamicEquations. Forasimplehar-
monicload,thedisplacement,stress,andexcessporepressure
may be expressed as
𝑢=𝑢𝑒
𝑖𝜔𝑡,
𝑤=𝑤𝑒
𝑖𝜔𝑡,
𝑤𝑥 = 𝑤𝑥𝑒
𝑖𝜔𝑡,
𝑤𝑧 = 𝑤𝑧𝑒
𝑖𝜔𝑡,
𝜎𝑥𝐿 = 𝜎𝑥𝐿𝑒
𝑖𝜔𝑡,
𝜏𝑥𝑧𝐿 = 𝜏𝑥𝑧𝐿𝑒
𝑖𝜔𝑡,
𝜎𝑧𝐿 = 𝜎𝑧𝐿𝑒
𝑖𝜔𝑡,
𝜎
򸀠
𝑥 = 𝜎𝑥𝑒
𝑖𝜔𝑡,
𝜏𝑥𝑧 = 𝜏𝑥𝑧𝑒
𝑖𝜔𝑡,
𝜎
򸀠
𝑧 = 𝜎
򸀠
𝑧𝑒
𝑖𝜔𝑡,
𝑝𝑓 = 𝑝𝑓𝑒
𝑖𝜔𝑡.
(5)
Here, 𝜔 is the circular frequency. The Fourier transform
can be written as:
𝜙
∗ = R𝜙=∫
∞
−∞
𝜙𝑒
𝑖𝜁𝑥𝑑𝑥. (6)
Combining (1a)-(1b)a n d( 2a)–(2c)a n du t i l i s i n gt h e
Fourier transform, we can obtain the solutions of the single-
phase elastic layer as follows:
𝑖𝑢
∗ (𝜁,𝑧) =− 𝐴 1𝜁𝐻𝐿𝑒
𝑞𝐿𝑧 −
𝐴2𝑒
𝐹𝐿𝑧
𝜁
−𝐵 1𝜁𝐻𝐿𝑒
−𝑞𝐿𝑧
−
𝐵2𝑒
−𝐹𝐿𝑧
𝜁
,
(7a)
𝑤
∗ (𝜁,𝑧) =𝐴 1𝑞𝐿𝐻𝐿𝑒
𝑞𝐿𝑧 +
𝐴2𝑒
𝐹𝐿𝑧
𝐹𝐿
−𝐵 1𝑞𝐿𝐻𝐿𝑒
−𝑞𝐿𝑧
−
𝐵2𝑒
−𝐹𝐿𝑧
𝐹𝐿
,
(7b)
𝑒
∗ (𝜁,𝑧) =𝐴 1𝑒
𝑞𝐿𝑧 +𝐵 1𝑒
−𝑞𝐿𝑧, (7c)
𝑖𝜏
∗
𝑥𝑧𝐿 (𝜁,𝑧) =2 𝐴 1𝜁𝑞𝐿𝐻𝐿𝐺𝐿e
𝑞𝐿𝑧 −2 𝐵 1𝜁𝑞𝐿𝐻𝐿𝐺𝐿𝑒
−𝑞𝐿𝑧
+𝐴2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿𝑒
𝐹𝐿𝑧
−𝐵 2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿𝑒
−𝐹𝐿𝑧,
(7d)
𝜎
∗
𝑧𝐿 (𝜁,𝑧) =− 2 𝐺 𝐿 [𝐴1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)𝑒
𝑞𝐿𝑧 +𝐴2𝑒
𝐹𝐿𝑧
+𝐵 1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)𝑒
−𝑞𝐿𝑧
+𝐵2𝑒
−𝐹𝐿𝑧],
(7e)4 Journal of Applied Mathematics
where
𝑒=
𝜕𝑢
𝜕𝑥
+
𝜕𝑤
𝜕𝑧
,
𝐹
2
𝐿 =𝜁
2 −
𝜔
2
𝐺𝐿
𝜌𝐿,
𝐷𝐿 =−
𝜔
2 (1 − 2𝜇𝐿)𝜌 𝐿
2𝐺𝐿 (1 − 𝜇𝐿)
,
𝑞
2
𝐿 =𝜁
2 +𝐷 𝐿,
𝐻𝐿 =
1
𝑞2
𝐿 −𝜁 2 =
1
𝐷𝐿
.
(8)
Similarly, combining (3a)–(3e)a n d( 4a)–(4c)a n du t i l -
ising the Fourier transform, we obtain the solutions of the
saturated half-space as follows:
𝑖𝑢
∗ (𝜁,𝑧) =− 𝐴 0𝜁𝐻𝑒
−𝑞𝑧 −𝐵 0𝜁𝑁𝑒
−𝜁𝑧 −
𝐶0𝑒
−𝐹𝑧
𝜁
, (9a)
𝑤
∗ (𝜁,𝑧) =− 𝐴 0𝑞𝐻𝑒
−𝑞𝑧 −𝐵 0𝜁𝑁𝑒
−𝜁𝑧 −
𝐶0𝑒
−𝐹𝑧
𝐹
, (9b)
𝑝
∗
𝑓 (𝜁,𝑧) =𝐴 0𝐸𝑒
−𝑞𝑧 +𝐵 0𝑒
−𝜁𝑧, (9c)
𝑒
∗ (𝜁,𝑧) =𝐴 0𝑒
−𝑞𝑧, (9d)
𝑖𝜏𝑥𝑧
∗ (𝜁,𝑧) =− 2 𝐴 0𝜁𝑞𝐻𝐺𝑒
−𝑞𝑧 −2 𝐵 0𝜁
2𝑁𝐺𝑒
−𝜁𝑧
−𝐶 0 (
𝐹
𝜁
+
𝜁
𝐹
)𝐺𝑒
−𝐹𝑧,
(9e)
𝜎
∗
𝑧 (𝜁,𝑧) =− 2 𝐺 [ 𝐴 0 (𝑞
2𝐻+
𝜇
1−2 𝜇
)𝑒
−𝑞𝑧 +𝐵 0𝜁
2𝑁𝑒
−𝜁𝑧
+𝐶0𝑒
−𝐹𝑧]+𝐴0𝐸𝑒
−𝑞𝑧 +𝐵 0𝑒
−𝜁𝑧,
(9f)
where
𝑐=
𝑛𝑘𝑑𝜔
𝑔𝑛𝑖 − 𝑘𝑑𝜔
,
𝑒=
𝜕𝑢
𝜕𝑥
+
𝜕𝑤
𝜕𝑧
,
𝐹
2 =𝜁
2 −
𝜔
2
𝐺
(𝑐𝜌𝑓 +𝜌 ),
𝐸=
𝜔
2𝜌𝑓 (𝑐+1 )
𝐷𝑐
,
𝐷=
𝜔
2 (1 − 2𝜇)(2𝑐𝜌𝑓 +𝜌 𝑓 −𝑐 𝜌 )
2𝑐𝐺(1 − 𝜇)
,
𝑞
2 =𝜁
2 +𝐷 ,
𝐻=
1
𝑞2 −𝜁 2 =
1
𝐷
,
𝑁=
𝑐+1
𝐺(𝜁 2 −𝐹 2)
=
𝑐+1
𝜔2 (𝑐𝜌𝑓 +𝜌 )
.
(10)
The transformation as shown in the following is intro-
duced:
𝐴1 =
1
2
(𝐴1 + 𝐵1), 𝐵 1 =
1
2
(𝐴1 − 𝐵1),
𝐴2 =
1
2
(𝐴2 + 𝐵2), 𝐵 2 =
1
2
(𝐴2 − 𝐵2).
(11)
Equations(7a)–(7e)canbefurthertransformedasbelow:
𝑖𝑢
∗ (𝜁,𝑧) =− 𝐴1𝜁𝐻𝐿ch𝑞𝐿𝑧−
𝐴2ch𝐹𝐿𝑧
𝜁
− 𝐵1𝜁𝐻𝐿sh𝑞𝐿𝑧
−
𝐵2sh𝐹𝐿𝑧
𝜁
,
(12a)
𝑤
∗ (𝜁,𝑧) = 𝐴1𝑞𝐿𝐻𝐿sh𝑞𝐿𝑧+
𝐴2sh𝐹𝐿𝑧
𝐹𝐿
+ 𝐵1𝑞𝐿𝐻𝐿ch𝑞𝐿𝑧
+
𝐵2ch𝐹𝐿𝑧
𝐹𝐿
,
(12b)
𝑒
∗ (𝜁,𝑧) = 𝐴1ch𝑞𝐿𝑧+𝐵1sh𝑞𝐿𝑧, (12c)
𝑖𝜏
∗
𝑥𝑧𝐿 (𝜁,𝑧) =2 𝐴1𝜁𝑞𝐿𝐻𝐿𝐺𝐿sh𝑞𝐿𝑧+𝐴2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿sh𝐹𝐿𝑧
+2 𝐵1𝜁𝑞𝐿𝐻𝐿𝐺𝐿ch𝑞𝐿𝑧
+ 𝐵2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿ch𝐹𝐿𝑧,
(12d)
𝜎
∗
𝑧𝐿 (𝜁,𝑧) =− 2 𝐺 𝐿 [𝐴1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)ch𝑞𝐿𝑧
+ 𝐴2ch𝐹𝐿𝑧+𝐵1
×( 𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)sh𝑞𝐿𝑧
+𝐵2sh𝐹𝐿𝑧].
(12e)Journal of Applied Mathematics 5
3. The Mixed Boundary-Value Problem of
the Rocking Vibration of an Elastic Strip
Foundation on Elastic Soil with Saturated
Substrata and Boundary Conditions
It is assumed that the contact between the elastic strip foun-
d a t i o na n dt h es a t u r a t e ds o i li ss m o o t ha n dt h a tt h es u r f a c e
of the saturated soil is pervious. The boundary conditions are
expressed as
𝑤(𝑥,0) =𝑥 𝜙−Δ(𝑥) |𝑥| ≤𝑏 , (13a)
𝜏𝑥𝑧𝐿 (𝑥,−𝐻𝑛) =0 −∞<𝑥<∞ , (13b)
[𝑤(𝑥,0)]𝐿 = 𝑤(𝑥,0) −∞<𝑥<∞ , (13c)
[𝑢(𝑥,0)]𝐿 = 𝑢(𝑥,0) −∞<𝑥<∞ , (13d)
𝜏𝑥𝑧𝐿 (𝜁,0) = 𝜏𝑥𝑧 (𝜁,0) −∞<𝑥<∞ , (13e)
𝜎𝑧𝐿 (𝜁,0) = 𝜎𝑧 (𝜁,0) −∞<𝑥<∞ , (13f)
𝑝𝑓 (𝜁,0) =0 −∞<𝑥<∞ , (13g)
𝜎𝑧𝐿 (𝑥,−𝐻𝑛)=0 |𝑥| >𝑏 , (13h)
where𝜎𝑧 and 𝜏𝑥𝑧 are the normal stress and the shear stress of
thesoilskeleton,respectively;𝑝𝑓 istheporepressure;𝑤isthe
contact surface displacement between the strip foundation
and underlying soil; 𝜙 is the rotationof the centre of the strip
foundation; and Δ(𝑥) is thedeflectionofthe stripfoundation
relative to the centre.
Combining (9a)–(9f)a n d( 12a)–(12e) and applying the
Fouriertransformto(13b)–(13h),wecanobtainthefollowing
relationships:
2𝐴1𝜁𝑞𝐿𝐻𝐿𝐺𝐿sh(−𝑞𝐿𝐻𝑛)+𝐴2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿sh(−𝐹𝐿𝐻𝑛)
+2 𝐵1𝜁𝑞𝐿𝐻𝐿𝐺𝐿ch(−𝑞𝐿𝐻𝑛)
+ 𝐵2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿ch(−𝐹𝐿𝐻𝑛)=0 ,
(14a)
𝐵1𝑞𝐿𝐻𝐿 +
𝐵2
𝐹𝐿
+𝐴0𝑞 𝐻+𝐵 0𝜁𝑁 +
𝐶0
𝐹
=0 , (14b)
−𝐴1𝜁𝐻𝐿 −
𝐴2
𝜁
+𝐴0𝜁𝐻 + 𝐵0𝜁𝑁 +
𝐶0
𝜁
=0 , (14c)
2𝐵1𝜁𝑞𝐿𝐻𝐿𝐺𝐿 + 𝐵2 (
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿 +2 𝐴0𝜁𝑞𝐻𝐺
+2 𝐵 0𝜁
2𝑁𝐺 + 𝐶0 (
𝐹
𝜁
+
𝜁
𝐹
)𝐺=0,
(14d)
−2 𝐺 𝐿 [𝐴1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)+𝐴2]
+2𝐺[𝐴0 (𝑞
2𝐻+
𝜇
1−2 𝜇
)+𝐵0𝜁
2𝑁+𝐶0]−𝐴0𝐸−𝐵 0 =0
(14e)
𝐴0𝐸+𝐵 0 =0 . (14f)
From (14f)w ec a no b t a i n
𝐵0 =− 𝐴 0𝐸. (15)
Utilising the Fourier transform on (12b)a n d( 12e)g i v e s
−2𝐺𝐿 [𝐴1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)ch(−𝑞𝐿𝐻𝑛)+𝐴2ch(−𝐹𝐿𝐻𝑛)
+ 𝐵1 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)sh(−𝑞𝐿𝐻𝑛)
+𝐵2sh(−𝐹𝐿𝐻𝑛)]=𝜎
∗
𝑧 (𝜁,0),
(16a)
𝐴1𝑞𝐿𝐻𝐿sh(−𝑞𝐿𝐻𝑛)+
𝐴2sh(−𝐹𝐿𝐻𝑛)
𝐹𝐿
+
𝐵1𝑞𝐿𝐻𝐿ch(−𝑞𝐿𝐻𝑛)+
𝐵2ch(−𝐹𝐿𝐻𝑛)
𝐹𝐿
= 𝑤
∗ (𝜁,0).
(16b)
Substituting (15)i n t o( 14b), (14c), (14d), and (14e), then
(16a), (14a), (14b), (14c), (14d), and (14e)m a yb et r a n s f o r m e d
into the following matrix form:
[ [ [ [ [ [ [
[
𝑇11 𝑇12 𝑇13 𝑇14 𝑇15 𝑇16
𝑇21 𝑇22 𝑇23 𝑇24 𝑇25 𝑇26
𝑇31 𝑇32 𝑇33 𝑇34 𝑇35 𝑇36
𝑇41 𝑇42 𝑇43 𝑇44 𝑇45 𝑇46
𝑇51 𝑇52 𝑇53 𝑇54 𝑇55 𝑇56
𝑇61 𝑇62 𝑇63 𝑇64 𝑇65 𝑇66
] ] ] ] ] ] ]
]
⋅
[ [ [ [ [ [ [
[
𝐴1
𝐵1
𝐴2
𝐵2
𝐴0
𝐶0
] ] ] ] ] ] ]
]
=
[ [ [ [ [ [ [
[
𝜎
∗
𝑧 (𝜁,0)
0
0
0
0
0
] ] ] ] ] ] ]
]
.
(17)
Theexpressionofeachelementofmatrix𝑇ca nbeseeninthe
appendix.
The displacement of the strip foundation surface can be
expressed in the following matrix form:
[Γ1 Γ2 Γ3 Γ4 Γ5 Γ6][𝐴1 𝐵1 𝐴2 𝐵2 𝐴0 𝐶0]
𝑇
= 𝑤
∗ (𝜁,0),
(18)6 Journal of Applied Mathematics
where
Γ1 =𝑞 𝐿𝐻𝐿sh(−𝑞𝐿𝐻𝑛),
Γ2 =𝑞 𝐿𝐻𝐿ch(−𝑞𝐿𝐻𝑛),
Γ3 =
sh(−𝐹𝐿𝐻𝑛)
𝐹𝐿
,
Γ4 =
ch(−𝐹𝐿𝐻𝑛)
𝐹𝐿
,
Γ5 =Γ 6 =0 .
(19)
Establishing the following equations by the matrix 𝑇 and
the matrix Γ gives
𝑇⋅𝑋=Γ , (20)
where 𝑋 is a 6×1matrix.
We find from (17)a n d( 18) that the element 𝑋1 in the
firstrowofthematrix𝑋denotestherelationshipbetweenthe
displacementandstressonthestripfoundationsurface.Thus,
when
𝑤
∗ (𝜁,0) =𝑓(𝜁) ⋅ 𝜎
∗
𝑧 (𝜁,0) (21)
we obtain𝑓(𝜁) = 𝑋1, thereby expressing every element in
matrix 𝑋 by solving (20). We can obtain𝑓(𝜁) and find that
𝑓(𝜁) and 1/𝜁 are infinitesimal of the same order when 𝜁→
∞.
Using the Fourier inverse transform and combining (21),
we obtain
𝑤(𝑥,0) =
1
2𝜋
∫
∞
−∞
𝑤
∗ (𝜁,0)𝑒
−𝑖𝜁𝑥𝑑𝜁
=
1
𝜋
∫
∞
0
𝑓(𝜁)𝜎
∗
𝑧 (𝜁,0)sin(𝜁𝑥)𝑑𝜁.
(22)
Additionally,
𝜎𝑧 (𝑥,0) =
1
2𝜋
∫
∞
−∞
𝜎
∗
𝑧 (𝜁,0)𝑒
−𝑖𝜁𝑥𝑑𝜁
=
1
𝜋
∫
∞
0
𝜎
∗
𝑧 (𝜁,0)sin(𝜁𝑥)𝑑𝜁.
(23)
The dual integral equations of the rocking vibration of an
elasticstripfoundationonelasticsoilwithsaturatedsubstrata
are as follows:
∫
∞
0
̃ 𝑓(̃ 𝜁) ̃ 𝜎
∗
𝑧 (̃ 𝜁,0)sin(̃ 𝜁̃ 𝑥)𝑑̃ 𝜁
+𝗿 𝑏
2 (6̃ 𝑥
3 − ̃ 𝑥
2)
× ∫
∞
0
(1 + ̃ 𝜌̃ ℎ𝜔
2 ̃ 𝑓(̃ 𝜁)/𝐺)
̃ 𝜁
̃ 𝜎
∗
𝑧 (̃ 𝜁,0)cos ̃ 𝜁𝑑̃ 𝜁
−𝗿 𝑏
2̃ 𝑥
2 ∫
∞
0
(1 + ̃ 𝜌̃ ℎ𝜔
2 ̃ 𝑓(̃ 𝜁)/𝐺)
̃ 𝜁2
̃ 𝜎
∗
𝑧 (̃ 𝜁,0)sin ̃ 𝜁𝑑̃ 𝜁
−𝗿 𝑏
2̃ 𝑥∫
∞
0
(1 + ̃ 𝜌̃ ℎ𝜔
2 ̃ 𝑓(̃ 𝜁)/𝐺)
̃ 𝜁3
̃ 𝜎
∗
𝑧 (̃ 𝜁,0)𝑑̃ 𝜁
−𝑏
2𝗿∫
∞
0
(1+̃ 𝜌̃ ℎ𝜔
2 ̃ 𝑓(̃ 𝜁)/𝐺)
̃ 𝜁4
̃ 𝜎
∗
𝑧 (̃ 𝜁,0)(sin ̃ 𝜁̃ 𝑥−2 )𝑑̃ 𝜁
=𝜋 𝑥 𝜙 𝑏
2 0≤|̃ 𝑥| ≤1 ,
∫
∞
0
̃ 𝜎
∗
𝑧 (̃ 𝜁,0)sin(̃ 𝜁̃ 𝑥)𝑑̃ 𝜁=0 |̃ 𝑥| >1 ,
(24)
where 𝜙 is the rotation of the centre of the strip foundation
and 𝐷𝑓 is the flexural stiffness of the foundation.
Simpson’s rule is used to conduct numerical calculation.
The dynamic compliance coefficient, 𝐶𝑀,o ft h er o c k i n g
vibration of a strip foundation can be expressed as follows
[27]:
𝐶𝑀 =
1
𝑏𝑎0
. (25)
Defining 𝑓1 = Re[𝐶𝑀] and 𝑓2 = Im[𝐶𝑀],w ec a no b t a i n
foundation stiffness 𝐾=𝑓 1/(𝑓
2
1 +𝑓
2
2) and the damping
coefficient of the foundation 𝐶=− 𝑓 2/(𝑓
2
1 +𝑓
2
2)𝑏0.H e r e ,
𝑏0 =𝑏 𝜔 √𝜌/𝐺 is the dimensionless frequency.
4. Verifications and Numerical
Example Analysis
The rocking vibration solution of an elastic strip foundation
on elastic soil with saturated substrata can be degenerated to
the single-phase elastic half-space case by defining 𝜌𝑓 =0 ,
𝗿=0 ,a n d𝐻𝑛 =0 . The foundation parameters for the
degenerated case are 𝑏=2 m, 𝐺=3 5 MPa, 𝑛=0 . 3 5 ,a n d
𝜌𝑠 = 2650kg/m
3. The variation of the dynamic compliance
coefficient 𝐶𝑀 with dimensionless frequency 𝑏0 is analysed
a n di st h e nc o m p a r e dw i t ht h en u m e r i c a lr e s u l t sb yL u c o
and Westmann [5]w h e n𝜇 is 0.25. In Figure 2,“ ∘”r e p r e s e n t s
t h en u m e r i c a lr e s u l t so b t a i n e db yL u c oa n dW e s t m a n n[ 5]
when 𝜇 is 0.25. Both of the results derived from Figure 2
are consistent and verify the feasibility and accuracy of the
calculating methods described in this paper. Meanwhile, the
rigid foundation is considered as a special case of the elastic
foundation when 𝗿 equals zero.Journal of Applied Mathematics 7
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Figure 2: The dynamic compliance coefficient versus the dimensionless frequency. (a) Real part of 𝐶𝑀 versus the dimensionless frequency
and (b) imaginary part of 𝐶𝑀 versus the dimensionless frequency.
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Figure 3: The dynamic compliance coefficient 𝐶𝑀 of different single-phase elastic layer thicknesses (𝐻𝑛). (a) Real part of 𝐶𝑀 versus the
dimensionless frequency and (b) imaginary part of 𝐶𝑀 versus the dimensionless frequency.
Concerningthe rocking vibrationof an elastic strip foun-
dation on elastic soil with saturated substrata, the physical
and mechanical parameters of a single-phase elastic layer are
𝐺𝐿 =3 5 MPa, 𝜇𝐿 = 0.45,a n d𝜌𝐿 = 1722.5kg/m
3;f o ra
saturated half-space, 𝑛 = 0.35, 𝐺=3 5 MPa, 𝑘𝑑 =1 0
−5 m/s,
𝜌𝑓 = 1000kg/m
3, 𝜌𝑠 = 2650kg/m
3,a n d𝜇 = 0.25.Th e
dynamic compliance coefficient 𝐶𝑀 changes over the dimen-
sionless frequency, the state of which is calculated when
𝐻𝑛 =0 , 0.2, 1.0, and 2.0m for 𝗿=1 0 ,a n dt h ec a l c u l a t i o n
results are shown in Figure 3.M e a n w h i l e ,t h ed y n a m i cc o m -
pliance coefficient 𝐶𝑀 changes over the dimensionless fre-
quency, the state of which is calculated when 𝗿 = 0.0,0 . 1 ,1 0 ,
and 1000 for 𝐻𝑛 = 0.2, and the calculation results are shown
in Figure 4.
We can see from Figure 3 that 𝐶𝑀 decreases with an
increase in the elastic layer thickness, which indicates that8 Journal of Applied Mathematics
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Figure 4: The dynamic compliance coefficient 𝐶𝑀 for different 𝗿.( a )R e a lp a r to f𝐶𝑀 versus the dimensionless frequency and (b) imaginary
part of 𝐶𝑀 versus the dimensionless frequency.
t h ep r e s e n c eo fe l a s t i cs o i lc a nr e d u c et h ev i b r a t i o nt ot h e
foundation. Meanwhile, in the given parameters for the real
part of 𝐶𝑀,a s𝑏0 increases, the real part of 𝐶𝑀 decreases, but
the curve tends to flatten. For the imaginary part of 𝐶𝑀,a s𝑏0
increases, the imaginary part of 𝐶𝑀 first decreases and then
increases, finally becoming smooth.
Fortherockingvibrationofanelasticstripfoundationon
elastic soil with saturated substrata, the curves of 𝐶𝑀 are
essentially coincident when 𝗿 = 0.0 and 0.1, which can be
seen from Figure 4.Th ec u r v ef o r𝗿 = 0.0 is the one of the
dynamiccompliancecoefficientsoftherockingvibrationofa
rigid strip foundation on elastic soil with saturated substrata.
Therefore, it can be inferred that the rocking vibration of
an elastic and a rigid strip foundation on elastic soil with
saturated substrata has the similar dynamic characteristics in
variations of 𝑏0 when 𝗿 ≤ 0.1. It is also demonstrated that
the real part of 𝐶𝑀 is greatly influenced by variations in 𝑏0
when 𝑏0 < 2.8 and that the imaginary part of 𝐶𝑀 is greatly
influenced by variations in 𝑏0 when 𝑏0 < 3.6.H o w e v e r ,w h e n
𝑏0 exceeds the critical values (2.8 for the real part of 𝐶𝑀 and
3.6 for the imaginary part of 𝐶𝑀), the curve of 𝐶𝑀 tends
to flatten and 𝐶𝑀 is only slightly influenced by variations in
the dimensionless frequency 𝑏0. Figure 4 also shows that the
d y n a m i cc o m p l i a n c ec o e ffi c i e n tc u rv eo b t a i n e dw h e n𝗿=1 0
and 1000 is remarkably different from the one obtained when
𝗿 = 0.0 a n d0 . 1 ,a n dt h ea b s o l u t ev a l u e sc o n c e r n i n gb o t ht h e
real parts and imaginary parts of the dynamic compliance
coefficient when 𝗿=1 0and 1000 are larger than the ones
when 𝗿 = 0.0 a n d0 . 1 .M o r e o v e r ,i tc a nb es e e nf r o mFigure 4
thatwhen 𝗿 is large, the variation of the dynamic compliance
coefficient curve with the dimensionless frequency 𝑏0 tends
to be smooth. However, for an average quantity of 𝗿,t h e
variationoftheabsolutevaluesoftherealpartsandimaginary
parts of 𝐶𝑀 with 𝑏0 is significant. Thus, under ordinary
circumstances (𝗿=1 0 ), we must consider effects exerted by
the dimensionless frequency 𝑏0.
5. Conclusions
In this paper, an analytical solution for the rocking vibration
of an elastic strip foundation on elastic soil with saturated
s u b s t r a t ai sd e v e l o p e d .Th es o l u t i o ni sb a s e do nd u a li n t e g r a l
equations, which are formulated from Biot’s equations of
dynamic poroelasticity by means of the Fourier transform in
combination with mixed boundary conditions. Validation of
the analytical solution for dry soil is based on the solution
presented by Luco and Westmann [5].
Ourconclusionsofthisstudyareasfollows.(1)Thedyna-
mic compliance coefficient 𝐶𝑀 decreases with an increase in
the elastic layer thickness, which indicates that the presence
of elastic soil can reduce the vibration to the foundation. (2)
The real part of dynamic compliance coefficient 𝐶𝑀 isgreatly
influenced by variations in the dimensionless frequency 𝑏0
when 𝑏0 < 2.8, and the imaginary part of 𝐶𝑀 is greatly
influenced by variations in the dimensionless frequency 𝑏0
when 𝑏0 < 3.6. (3) When the flexural stiffness of the elastic
foundation is comparatively large or when 𝗿 ≤ 0.1,t h e
influence of 𝗿 on the rocking vibration can be ignored. (4)
When 𝗿 > 0.1 and as 𝗿 increases, the rocking vibration of
the elastic foundation changes significantly, and the absolute
values of both the real parts and imaginary parts of 𝐶𝑀
increase.Journal of Applied Mathematics 9
Appendix
Expressions for each element of the matrix 𝑇 appearing pre-
viously are given by
𝑇11 =− 2 𝐺 𝐿 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)ch(−𝑞𝐿𝐻𝑛),
𝑇12 =− 2 𝐺 𝐿 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
)sh(−𝑞𝐿𝐻𝑛),
𝑇13 =− 2 𝐺 𝐿ch(−𝐹𝐿𝐻𝑛),
𝑇14 =− 2 𝐺 𝐿sh(−𝐹𝐿𝐻𝑛),
𝑇15 =0 ,
𝑇16 =0 ,
𝑇21 =2 𝜁 𝑞 𝐿𝐻𝐿𝐺𝐿sh(−𝑞𝐿𝐻𝑛),
𝑇22 =2 𝜁 𝑞 𝐿𝐻𝐿𝐺𝐿ch(−𝑞𝐿𝐻𝑛),
𝑇23 =(
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿sh(−𝐹𝐿𝐻𝑛),
𝑇24 =(
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿ch(−𝐹𝐿𝐻𝑛),
𝑇25 =0 ,
𝑇26 =0 ,
𝑇31 =0 ,
𝑇32 =𝑞 𝐿𝐻𝐿,
𝑇33 =0 ,
𝑇34 =
1
𝐹𝐿
,
𝑇35 =𝑞 𝐻−𝜁 𝑁 𝐸 ,
𝑇36 =
1
𝐹
,
𝑇41 =− 𝜁 𝐻 𝐿,
𝑇42 =0 ,
𝑇43 =−
1
𝜁
,
𝑇44 =0 ,
𝑇45 =𝜁 𝐻−𝜁 𝑁 𝐸 ,
𝑇46 =
1
𝜁
,
𝑇51 =0 ,
𝑇52 =2 𝜁 𝑞 𝐿𝐻𝐿𝐺𝐿,
𝑇53 =0 ,
𝑇54 =(
𝐹𝐿
𝜁
+
𝜁
𝐹𝐿
)𝐺 𝐿,
𝑇55 =2 𝜁 𝑞 𝐻 𝐺−2 𝜁
2𝑁𝐺𝐸,
𝑇56 =(
𝐹
𝜁
+
𝜁
𝐹
)𝐺,
𝑇61 =− 2 𝐺 𝐿 (𝑞
2
𝐿𝐻𝐿 +
𝜇𝐿
1−2 𝜇 𝐿
),
𝑇62 =0 ,
𝑇63 =− 2 𝐺 𝐿,
𝑇64 =0 ,
𝑇65 =2 𝐺[ ( 𝑞
2𝐻+
𝜇
1−2 𝜇
)−𝜁
2𝑁𝐸] ,
𝑇66 =2 𝐺 .
(A.1)
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